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ZIEGLER PARTIAL MORPHISMS IN ADDITIVE EXACT
CATEGORIES
MANUEL CORTE´S-IZURDIAGA, PEDRO A. GUIL ASENSIO,
BERKE KALEBOG˜AZ, AND ASHISH K. SRIVASTAVA
Abstract. We develop a general theory of partial morphisms in ad-
ditive exact categories which extends the model theoretic notion intro-
duced by Ziegler in the particular case of pure-exact sequences in the
category of modules over a ring. We relate partial morphisms with
(co-)phantom morphisms and injective approximations and study the
existence of such approximations in these exact categories.
Introduction
We introduce and develop a general theory of partial morphisms in arbitrary
additive exact categories, in the sense of Quillen. Exact categories are a
natural generalization of abelian categories, and they play a quite useful role
in several areas, like Representation Theory, Algebraic Geometry, Algebraic
Analysis and Algebraic K-Theory. The main reason behind their usefulness
is that they are applicable in many situations in which the classical theory
of abelian categories does not apply, for instance, in the study of filtered
objects and tilting theory.
Partial morphisms were introduced by Ziegler in [22] in his study of Model
Theory of Modules, in order to prove the existence of pure-injective en-
velopes. Recall that a short exact sequence of right modules is called pure
if it remains exact upon tensoring by any left module (equivalently, when
it is a direct limit of splitting short exact sequences). And therefore, pu-
rity reflects all decomposition properties of modules into direct summands.
Ziegler realized that pure-injective modules (i.e., those modules which are
injective with respect to pure-exact sequences) also extend other types of
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morphisms and called those morphisms as partial morphisms. These par-
tial morphisms were central to giving a right pure version of the notion of
essential monomorphisms in the category of modules.
This concept was later stated in an algebraic language by Monari Mar-
tinez [15] in terms of systems of linear equations. Namely, she gave a matrix-
theoretic reformulation of it. Given a ring R (not necessarily commutative),
a submodule K of a right R-module M and a right R-module N , a homo-
morphism f : K → N is called a partial morphism fromM to N if whenever
we have a system of linear equations[
x1 . . . xm
]
A =
[
b1 . . . bn
]
with A ∈ Mm×n(R) and b1, . . . , bn ∈ K, which is solvable in M , then the
system [
x1 . . . xm
]
A =
[
f(b1) . . . f(bn)
]
is also solvable in N .
However, the above algebraic translation of the notion of partial mor-
phisms does not shed much light about their role in the categorical study
of purity. In the present paper, we give a categorical definition of this con-
cept which can be stated in any additive exact category (A; E) (i.e., an
additive category A with a distinguished class E of kernel-cokernel pairs
which play the role of short exact sequences). This definition reduces to
the original one introduced by Ziegler in the specific case of the pure-exact
structure in Mod-R consisting of all pure-exact sequences and it explains
the importance of partial morphisms in a much more transparent way: a
homomorphism f : K → N is partial respect to the inclusion u of K in a
module M if and only if the induced morphism Ext1(−, f) transforms u in
a pure monomorphism (see Theorem 2.2).
As Ziegler himself observed for the particular case of modules, this notion
of partial morphisms allows us to introduce the definition of small mor-
phisms in exact categories. And it is therefore related to the existence of
approximations of modules. We explain how this idea of approximation is
interrelated with others used in the literature. Namely, we show, in The-
orem 3.10, that this idea of approximation in terms of small extensions is
equivalent to the one introduced by Enochs of monomorphic envelopes in
the category of modules [6], and to the classical one defined in terms of es-
sential or pure-essential subobjects. Then we prove the existence of enough
injectives in certain additive exact categories (see Theorem 4.4, which is one
of the main results of this paper), and the existence of injective approxi-
mations (in the sense of small morphism mentioned before) in certain exact
structures of abelian categories (see Theorem 4.11).
As an application of our results, we are able to recover several well-known
classical results such as the existence of injective hulls in Grothendieck cate-
gories, and the existence of pure-injective hulls in finitely accessible additive
categories. But, moreover, our theory also includes the known results about
approximations relative to a class of modules [10]. The key idea is that,
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under quite general assumptions, finding preenvelopes in an exact category
with respect to a class X of objects is equivalent to show that there exists
enough EX -injectives, where EX is the exact structure consisting of all con-
flationsA→ B → C which are Hom(−,X)-exact for everyX ∈ X . Applying
these arguments to Theorem 4.4, we deduce Corollary 5.4, a result which
recovers [17, Theorem 2.13(4)]. This is probably the most general known
result of existence of (pre-)envelopes in exact categories. The same ideas
are later applied to Theorem 4.4 and Theorem 4.11 to prove our Theorem
5.6, which covers all known results of approximations relative to cotorsion
pairs in Grothendieck categories. We also relate all these constructions with
the recent theory of approximations of objects by ideals of morphisms intro-
duced in [8] (see Corollary 2.7). In conclusion, we provide a quite general
theory in which most known results of approximations of objects in exact
categories are deduced as consequences of our general results, and we also
explain how they are interrelated with each other.
Let us briefly outline the structure of this paper. After recalling some
terminology and preliminary facts, we define, in Section 2, partial morphisms
with respect to an additive exact substructure F (the F-partial morphisms)
of an exact structure E in an additive category A (see Section 1). In order to
do it, we first need to give a categorical characterization of partial morphisms
relative to the pure-exact structure in the a module category (see in Theorem
2.2). This characterization is obtained in terms of pushouts and thus, it
allows us to extend the notion of partial morphism to the wider framework
of additive exact categories. Then, we study the properties of F-partial
morphisms and extend several of the results proved by Ziegler to this new
setting. It is especially relevant that, as in the case of pure-injective modules,
F-partial morphisms can be used to characterize F-injective objects. More
precisely, we prove, in Theorem 2.8, that an object E in A is F-injective if
and only if any F-partial morphism f from an object X to E extends to a
morphism g : X → E. This extends the corresponding theorem for pure-
injective modules proved by Ziegler [22, Theorem 1.1, Corollary 3.3]. Other
advantage of our definition in terms of pushouts is that it allows to relate
partial and phantom morphisms (see [8] for a definition and main properties
of these phantom morphisms).
In Section 3, we introduce small subobjects using partial morphisms.
Then, we can define when an inclusion u : U → E, with E injective, is
small; which in turn is related to the notion of injective approximations in
the category. Recall that an injective hull in an abelian category B is an
essential inclusion u : U → E with E injective, in the sense that U ∩ V 6= 0
for each non-zero subobject V of E. It is well known that the injective hull u
is an injective envelope too, in the sense that any endomorphism f : E → E
such that fu = f is an automorphism. We compare these notions of small
injective extensions with that defined in terms of partial morphisms and
prove, in Theorem 3.10, that for nice categories, all of them are equivalent.
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Our discussion of injective approximations in exact categories leads us in
Section 4 to study when these approximations do exist. The solution to this
problem requires answering the following two questions:
(1) Do there exist enough injectives in the category (in the sense that each
object can be embedded in an injective one)?
(2) Assuming the category has enough injectives, can these embeddings be
chosen small?
In Theorem 4.4, we prove that Question 1 has a positive answer for additive
exact categories satisfying a generalization of Baer’s lemma. And, in The-
orem 4.11, we describe a construction of small injective approximations for
exact substructures of abelian categories.
We end the paper with Section 5, in which we apply our results to study
the approximation by objects in exact, Grothendieck and finitely accessible
additive categories. In Corollary 5.3 we prove that every module has an
fp-injective preenvelope. In Corollary 5.5 we prove that every object in
the Grothendieck category has an injective hull. In Corollary 5.9 we prove
that every object in abelian finitely accessible additive category has a pure-
injective hull.
1. Preliminaries
Given a set A, we shall denote by |A| its cardinality. Given a map f : A→ B
and C a subset of A, we shall denote by f ↾C the restriction. All our
categories are additive (that is, they have finite direct products and an
abelian group structure on each of their hom-sets which is compatible with
composition). Let us fix some notations about subobjects in a category.
Definition 1.1. Let A be a category and A an object of A.
(1) Two monomorphisms u : U → A and v : V → A are equivalent if
there exists an isomorphism w : V → U such that uw = v. An equiv-
alence class of monomorphisms under this equivalence relation is a
subobject of A. Given a representative u : U → A of this equivalence
class, we shall simply say that U is a subobject of A, we shall write
U ≤ A and the monomorphism u will be called an inclusion of U in
A.
(2) Given two subobjects U and V of A, we shall write U ⊆ V if U ≤ V
and there exist inclusions u : U → A, v : V → A and w : U → V
such that vw = u.
By a kernel-cokernel pair in A we mean a pair of composable morphisms
B C A
i p
such that i is a kernel of p and p is a cokernel of i.
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The following lemma is straightforward but very useful, so we state it with-
out any proof.
Lemma 1.2. Let A be a category. Consider the following commutative
diagram
B C A
B′ C ′ A′
i
ϕ1
p
ϕ2 ϕ3
i′ p
′
in which p is a cokernel of i and i′ is a kernel of p′. Then the following
assertions are equivalent:
(1) There exists α : A→ C ′ such that p′α = ϕ3.
(2) There exists β : C → B′ such that βi = ϕ1.
Given two morphisms f : K → M and g : K → N in any category A,
the pushout diagram of f and g consists of an object P and morphisms
i1 :M → P and i2 : N → P such that the following diagram commutes
K M
N P
f
g i1
i2
and the triple (P, i1, i2) is universal in the sense that whenever (Q, j1, j2) is
any other triple making the above diagram commutative, then there exists
a unique morphism ϕ : P → Q such that j1 = ϕi1 and j2 = ϕi2.
We recall some well-known facts about pushouts, which shall be used
throughout the paper.
Lemma 1.3. Let A be a category. Consider the following pushout diagram:
M N
L P
f
g g
f
Then:
(1) The morphism g is a split monomorphism if and only if there exists
h : L→ N with hg = f .
(2) If f has a cokernel c : N → C, then the unique morphism c′ : P → C
satisfying c′g = c and c′f = 0 is a cokernel of f .
(3) If f has a cokernel c′, then c′g is a cokernel of f .
For exact categories, we mostly rely on [4] but we use some terminologies
of [13] as well. Let A be a category. An exact structure on A is a family
E of distinguished kernel-cokernel pairs satisfying axioms [E0] - [E2] and
[E0op] - [E2op] from [4]. We shall denote by (A; E) the exact category and
elements in E will be called conflations. The kernel of a conflation is called
inflation and the cokernel of a conflation is called deflation. An admissible
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subobject of an object A is a subobject U of A such that one (and then any)
inclusion i : U → A is an inflation. The main example of an exact category
is an abelian category with the exact structure formed by all kernel-cokernel
pairs. We shall call this exact structure the abelian exact structure.
Let (A; E) be an exact category. Given E an object and u : K → A an
inflation, we say that E is u-injective (or injective with respect to u) if for
each morphism f : K → E, there exists a g : A→ E with gu = f . If H is a
class of inflations, we say that the object E is H-injective if it is u-injective
for each object u ∈ H. If X is another object, we say that A is X-injective
if it is injective with respect to each inflation u : K → X. Finally, we say
that E is injective if it is injective with respect to each inflation. This is
equivalent to the functor HomA(−, E), from A to the category Ab of abelian
groups, carrying inflations to epimorphisms. We shall say that A has enough
injective objects if for each object A in A, there exists an inflation A → E
with E an injective object in A. The notions about projectivity in exact
categories are defined dually.
We shall use the following result about relative injective objects, which is
well known for the abelian exact structure of an abelian category, and for
the pure-exact structure in module categories.
Lemma 1.4. Let (A; E) be an exact category. Let M be an object of A and
A B C
i p
be a conflation. If M is B-injective, then M is both A-injective and C-
injective.
Proof. Given an inflation u : K → A and f : K → M , iu is an inflation so
that there exists g : B →M with giu = f . Then M is A-injective.
In order to see that M is C-injective, take u : K → C an inflation and
f : K →M . Taking pullback of u along p we get the following commutative
diagram
P K
B C
p
u u
p
in which u is an inflation by [4, Proposition 2.15]. Let i : A → P be a
kernel of p. Using the universal property of the pullback, we can construct
a commutative diagram with a conflation in each row,
A P K
A B C
i
w
p
u u
i p
,
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with w an isomorphism. Now, using that M is B-injective, there exists
g′ : B → M with g′u = fp. Notice that g′iw = g′ui = fpi = 0 and, since
w is isomorphism, g′i = 0, so that there exists g : C → M with gp = g′.
Then gup = fp and, since p is an epimorphism, gu = f as well. Then M is
C-injective. 
Let (A; E) be an exact category. Given two objects A,B in A, we shall
denote by Ext(A,B) the abelian group whose elements are the isomorphism
classes of all conflations of the form
B C A
i p
equipped with the Baer sum operation. Given any morphism g : B → X,
we can define a morphism Ext(A, g) : Ext(A,B) → Ext(A,X) as follows:
for any conflation
η : B C Ai
p
we take the pushout of i along g to get a commutative diagram
η : B C A
η′ : X P A
i
g g
p
i p
in which η′ is a conflation by [4, Proposition 2.12]. Then define Ext(A, g)(η) =
η′. Similarly, we can define, using pullbacks, Ext(f,B) : Ext(A,B) →
Ext(X,B) for each morphism f : X → A.
If we fix the objects A, B and X, Ext(A,−) actually defines a map
from HomA(B,X) to HomZ
(
Ext(A,B),Ext(A,X)
)
which actually is a mor-
phism of abelian groups. Similarly, we obtain a morphism of abelian groups
Ext(−, B) from HomA(X,A) to HomZ
(
Ext(A,B),Ext(X,B)
)
.
An exact substructure F of E is an exact structure on A such that each
conflation in F (which we shall call F-conflations) is a conflation in E . In-
flations, deflations, admissible subobjects and injective objects with respect
to F will be called F-inflations, F-deflations, F-admissible and F-injective
objects, respectively. Moreover, if (A;F) has enough injective objects, we
shall say that A has enough F-injective objects.
Given a class X of objects we shall denote by EX , the class of all HomA(X ,−)-
exact conflations, i.e., those conflations
A C B
such that
HomA(X,A) HomA(X,C) HomA(X,B)
is a short exact sequence in the category of abelian groups for each X ∈ X .
Dually, we define EX to be the class of all HomA(−,X )-exact conflations,
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that is, those conflations
A B C
such that
HomA(B,X) HomA(C,X) HomA(A,X)
is a short exact sequence in the category of abelian groups for each X ∈ X .
Both EX and E
X are additive exact substructure of E , [4, Exercise 5.6].
Using Lemma 1.2 we get a similar description of EX -conflations to that of
pure-exact sequences in module categories (see [20, 34.5]). The result can
be easily dualized for EX -conflations.
Lemma 1.5. Let (A; E) be an exact category, X be a class of objects and
η : A B Ci
j
be a conflation.
(1) If η ∈ EX then for each morphism f : M → N with Coker f ∈ X and
commutative diagram
M N
A B
f
ϕ1 ϕ2
i
there exists β : N → A such that βf = ϕ1.
(2) If there exist enough EX -projective objects, and η satisfies (1), then
η ∈ EX .
(3) If η ∈ EX then for each morphism f : M → N with Ker f ∈ X and
commutative diagram
B C
M N
j
ψ1 ψ2
f
there exists α : C →M with fα = ψ2.
(4) If EX has enough injective objects and η satisfies (3), then η ∈ EX .
Proof. (1) Follows from Lemma 1.2.
(2) Take X ∈ X and ϕ3 : X → C, a morphism. Let
K P X
i p
be an EX -conflation with P being an EX -projective object. Using the pro-
jectivity of P we can construct a commutative diagram
K P X
A B C
i
ϕ1
p
ϕ2 ϕ3
i′ p
′
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Then the result follows from (1) and Lemma 1.2.
(3) and (4) are proved dually. 
Given a class of objects X in A, we define the right and left perpendicular
classes to X , X⊥ and ⊥X , by
X⊥ = {Y ∈ A | Ext(X,Y ) = 0,∀X ∈ X}
and
⊥X = {Y ∈ A | Ext(X,Y ) = 0,∀X ∈ X}
respectively. A cotorsion pair in A is a pair of classes (B, C) of objects of A,
such that B = ⊥C and C = B⊥. The cotorsion pair is said to be complete if
for each object A of A there exist conflations
A C1 B1
and
C2 B2 A
with B1, B2 ∈ B and C1, C2 ∈ C.
All rings in this paper will be associative with unit (except those in Section
5.3) and all modules will be right modules. Let R be a ring. As in any
abelian category, we have the abelian exact structure E in Mod-R consisting
of all kernel-cokernel pairs. If P is the class of all finitely presented modules,
the exact structure EP consists of all pure conflations and will be called the
pure-exact structure on Mod-R. Conflations in the pure-exact structure can
be characterized in terms of systems of equations [20, 34.5]. Given a module
M , recall that a system of linear equations over M is a system of equations
n∑
i=1
Xirij = aj j ∈ {1, . . . ,m}
with rij ∈ R and aj ∈ M for each i ∈ {1, . . . , n} and j ∈ {1, . . . ,m}. Then
a conflation in Mod-R,
K M L
f g
is pure if and only if any system of linear equations over Im f that has a
solution over M , has a solution over Im f . We shall denote by Inj the class
of all injective modules and by PInj the class of all pure-injective modules
(that is, the class of all injective objects in the exact category Mod-R with
the pure-exact structure).
2. Partial Morphisms
The initial inspiration for our work comes from the classical notion of partial
morphism introduced by Ziegler in [22] in the category of right modules over
a ring.
Definition 2.1. Let R be a ring and M,N be right R-modules.
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(1) A partial morphism from M to N is a morphism f : K → N , where
K is a submodule of M , such that for any system of linear equations
over K,
n∑
i=1
Xirij = kj j ∈ {1, . . . ,m},
if the system has a solution in M , then the system
n∑
i=1
Xirij = f(kj) j ∈ {1, . . . ,m}
has a solution in N as well. We shall call the submodule K the
domain of f and we shall denote it by dom f .
(2) A partial morphism from M to N is called a partial isomorphism if
each system of linear equations over dom f ,
n∑
i=1
Xirij = kj j ∈ {1, . . . ,m},
has a solution over M if and only if the system of linear equations
n∑
i=1
Xirij = f(kj) j ∈ {1, . . . ,m}
has a solution over N .
The following characterization relates partial morphisms with the pure-exact
structure in the categories of modules. It will allow us to define partial
morphisms in any exact category. Let us recall the construction of the
pushouts in module categories. Given a ring R and two morphisms f : K →
M and g : K → N in Mod-R, the pushout of g along f is given by the
commutative diagram,
K M
N P
f
g g
f
in which the module P can be taken to be N⊕M
U
, where U = {(g(k), f(k)) :
k ∈ K} and, if we denote by (n,m) the corresponding element in P for each
n ∈ N and m ∈M , then f(n) = (n, 0) and g(m) = (0,−m).
Theorem 2.2. Let R be a ring. Let M and N be modules, K ≤ M a
submodule and f : K → N a morphism. The following assertions are equiv-
alent:
(1) f is a partial morphism (resp. isomorphism) from M to N with
dom f = K.
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(2) In the pushout diagram
K M
N P
i
f f
i
i (resp. i and f) is a pure monomorphism (resp. are pure monomor-
phisms).
Proof. (1)⇒ (2). First assume that f is a partial morphism and let us prove
that Im i = {(u, 0) : u ∈ N} is a pure submodule of P . Let
(i)
n∑
i=1
Xirij = (sj, 0) j ∈ {1, . . . ,m}
be a system of linear equations over Im i which has a solution in P . Then
there exist u1, . . . , un ∈ N and v1, . . . , vn ∈ M such that
∑n
i=1 (ui, vi)rij =
(sj, 0) for each j ∈ {1, . . . ,m}. Then there exist k1, . . . , km ∈ K such that∑n
i=1 uirij − sj = f(kj) and
∑n
i=1 virij = kj for each j ∈ {1, . . . ,m}. This
last equality says that the system
n∑
i=1
Xirij = kj j ∈ {1, . . . ,m}
has a solution in M so that, as f is a partial morphism, the system
n∑
i=1
Xirij = f(kj) j ∈ {1, . . . ,m}
has a solution, u′1, . . . , u
′
n, in N . Then (u1 − u
′
1, 0), . . . , (un − u
′
n, 0) is a
solution of (i) in Im i. This implies that Im i is a pure submodule of P and
i is a pure monomorphism.
Now suppose that f is a partial isomorphism and let us prove that Im f =
{(0, v) : v ∈M} is a pure submodule of P . Let
(ii)
n∑
i=1
Xirij = (0, sj) j ∈ {1, . . . ,m}
be a system of linear equations over Im f which has a solution in P . Then
there exist u1, . . . , un ∈ N and v1, . . . , vn ∈ M such that
∑n
i=1 (ui, vi)rij =
(0, sj) for each j ∈ {1, . . . ,m}. This implies that there exist k1, . . . , km ∈
K such that
∑n
i=1 uirij = f(kj) and
∑n
i=1 virij − sj = kj for each j ∈
{1, . . . ,m}. The first identity says that the system
n∑
i=1
Xirij = f(kj) j ∈ {1, . . . ,m}
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has a solution in N . Using that f is a partial isomorphism, the system
n∑
i=1
Xirij = kj j ∈ {1, . . . ,m}
has a solution in M , say v′1, . . . , v
′
n. Then (0, v1 − v
′
1), . . . , (0, vn − v
′
n) is a
solution of (ii) in Im f . This implies that Im f is a pure submodule of P and
f is a pure monomorphism.
(2) ⇒ (1). First of all assume that i is a pure monomorphism and let
n∑
i=1
Xirij = kj j ∈ {1, . . . ,m}
be a system of linear equations over K which has a solution in M . Then
the system over Im i,
n∑
i=1
Xirij = if(kj) j ∈ {1, . . . ,m}
has a solution in P and, using that i is pure, it has a solution in Im i. Since
i is monic, this implies that the system
n∑
i=1
Xirij = f(kj) j ∈ {1, . . . ,m}
has a solution in N . Thus, f is a partial morphism.
Now assume that f is a pure monomorphism too, and let
n∑
i=1
Xirij = kj j ∈ {1, . . . ,m}
be a system of linear equations over K such that
n∑
i=1
Xirij = f(kj) j ∈ {1, . . . ,m}
has a solution in N . Then the system
n∑
i=1
Xirij = fi(kj) j ∈ {1, . . . ,m}
has a solution in P and, as f is a pure monomorphism, it has a solution in
Im f . But, as f is monic, this implies that the system
n∑
i=1
Xirij = kj j ∈ {1, . . . ,m}
has a solution in M . Thus, f is a partial isomorphism. 
With this characterization we can extend the notion of partial morphism
to any exact category. For the rest of the paper, we fix an exact category
(A; E) and an additive exact substructure F of E .
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Definition 2.3. Let X and Y be objects of A. An F-partial morphism
(resp. F-partial isomorphism) f from X to Y is a morphism f : U → Y ,
where U is an admissible subobject of X with inclusion u : U → X, such
that in the pushout of f along u,
U X
Y P
u
f f
u
u is an F-inflation (resp. u and f are F-inflations). We shall call the
subobject U the domain of f and we shall denote it by dom f .
Sometimes we shall speak about partial morphisms with respect to F
instead of F-partial morphisms. Note that the definition of F-partial mor-
phism does not depend on the selected inclusion u of U since, following the
notation of the definition, if v : V → X is an equivalent monic to u : U → X
and w : V → U is an isomorphism such that uw = v, then f is an F-partial
morphism (resp. isomorphism) if and only if fw is an F-partial morphism
(resp. isomorphism). We shall denote by dom f the subobject U of X.
Remark 2.4. In [1, Definition 28.] another definition of partial morphism
is given. For a fixed class M of morphisms in a category C, a M-partial
morphism from A to B is a morphism f : C → B defined from an object
C for which there exists a morphism m : C → A in M. We would like to
emphasize here that this definition has nothing to do with our definition
which is inspired by Ziegler partial morphisms.
Now we obtain some basic properties of partial morphisms:
Proposition 2.5. Let X, Y , Z be objects of A, U , an admissible subobject
of X with inclusion u : U → X.
(1) Suppose that u is an F-inflation. Then any morphism f : U → Y is
an F-partial morphism from X to Y with dom f = U . Moreover, a
morphism f : U → Y is an F-partial isomorphism from X to Y if
and only if it is an F-inflation.
(2) If f : U → Y is a morphism that has an extension to X, then f is
an F-partial morphism from X to Y with dom f = U .
(3) If f : U → Y is a morphism, then f defines a F-partial isomorphism
from X to Y with dom f = U if and only if f is an inflation, f is
an F-partial morphism from X to Y with dom f = U and u is a
F-partial morphism from Y to X with domain the subobject U of Y
determined by the monomorphism f .
(4) Let f be an F-partial morphism from X to Y with dom f = U .
Then:
(a) If there exists h : Y → X such that hf = u then f is an F-
partial isomorphism.
(b) The converse is true if X is F-injective.
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(5) Let
η : U X Au
p
be a conflation whose kernel is u. Then a morphism f : U → Y
defines an F-partial morphism from X to Y with dom f = U if and
only if Ext(A, f)(η) ∈ F .
(6) If f is an F-partial morphism (resp. F-partial isomorphism) from
X to Y and g is any morphism (resp. F-inflation) from Y to Z,
then gf is an F-partial morphism (resp. F-partial isomorphism)
from X to Z with dom gf = U .
(7) If f and g are F-partial morphisms from X to Y with dom f =
dom g = U , then f + g is an F-partial morphism from X to Y .
(8) If f is an F-partial morphism (resp. F-partial isomorphism) from
X to Y with dom f = U , and X is an F-admissible subobject of
Z with inclusion v, then f is an F-partial morphism (resp. F-
partial isomorphism) from Z to Y with dominion the subobject U of
Z determined by vu.
Proof. (1) The pushout along any F-inflation is an F-inflation so that any
morphism f : U → Y is F-partial. Moreover, as a consequence of the
obscure axiom [4, Proposition 2.16], f is an F-partial isomorphism if and
only if it is an F-inflation.
(2) Let g : X → Y be an extension of f and consider the pushout of f
along u:
U X
Y Q
u
f f2
f1
Since the identity of Y and g : X → Y satisfy 1Y f = gu, there exists
h : Q → Y such that hf1 = 1Y and hf2 = g. Since f1 has a cokernel, as
it is an inflation, the obscure axiom [4, Proposition 2.16] says that f1 is an
F-inflation. Thus, f is F-partial.
(3) Note that f is an inflation by the obscure axiom [4, Proposition 2.16]
and Lemma 1.3. The rest of the assertion is trivial.
(4) Consider the pushout of f and u
U X
Y P
u
f f
u
If there exists h : Y → X with hf = u then, by Lemma 1.3, f is a split
monomorphism and, in particular, an F-inflation. Thus f is an F-partial
isomorphism.
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If X is F-injective, and f is an F-partial isomorphism then f actually
is a split monomorphism. Then there exists h : Y → X with hf = u by
Lemma 1.3.
(5) Follows from the definition of Ext(A, f).
(6) First assume that f is an F-partial morphism from X to Y with
dom f = U . We get the following commutative diagram,
(iii)
dom f X
Y P
Z Q
u
f f
u
g g
v
by considering the pushout of f along u and of g along u. Then the outer
diagram is a pushout and v is an F-inflation, as f is F-partial. This means
that gf is a F-partial morphism from X to Z with dom gf = dom f .
If, in addition, g is an F-inflation and f is a F-partial isomorphism from
X to Y , then in diagram (iii) both f and g are F-inflations, so that, gf is
an F-inflation too. Consequently, gf is an F-partial isomorphism from X
to Z.
(7) Let
η : U X Au
p
be a conflation whose kernel is u. Then, since Ext(A,−) defines a morphism
of abelian groups, Ext(A, f+g)(η) = Ext(A, f)(η)+Ext(A, g)(η). Now using
that F(A,Y ) is a subgroup of Ext(A,Y ), we deduce that Ext(A, f +g)(η) ∈
F . By (5), f + g is an F-partial morphism.
(8) Let v : dom f → X be an F-inflation. We can construct the following
commutative diagram
dom f X Z
Y P Q
u
f
v
f g
u v
by considering the pushout of f along u and of f along v. Then the outer
diagram is a pushout and both u and v are F-inflations. Consequently v ◦u
is an F-inflation which means that f is F-partial from Z to Y with dominion
the subobject U of Z determined by vu.
If, in addition, f is an F-partial isomorphism, both f and g are F-
inflations, then f is a F-partial isomorphism from Z to Y . 
Examples 2.6. We give below some examples of partial morphisms and
partial isomorphisms.
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(1) Let X and Y be objects in A and f : X → Y be a morphism.
Then, by Proposition 2.5(1), f is an F-partial morphism from X to
Y with dom f = X. Moreover, f is an F-partial isomorphism with
dom f = X if and only if it is an F-inflation.
(2) Let R be a ring. By Proposition 2.2, the partial morphisms with
respect to the pure-exact structure in the sense of Definition 2.3
coincide with those introduced by Ziegler (Definition 2.1).
Phantom morphisms, which have their origin in homotopy theory [14], were
introduced by Gnacadja [9] in the category of modules over a finite group
ring, and considered by Herzog for a general module category in [12]. In
[8] phantom morphisms with respect to the exact substructure F have been
defined, and also the dual notion of phantom morphisms, the cophantom
morphisms have been introduced. A morphism f : B → Y is called F-
cophantom if the pushout of any conflation (beginning in B) along f gives
a conflation that belongs to F (equivalently, if Ext(A, f)(η) ∈ F for each
conflation of the form η : B → C → A). With the preceding result, it is easy
to characterize F-cophantom morphisms in terms of F-partial morphisms.
Corollary 2.7. Let f : B → Y be a morphism in A. Then f is an F-
cophantom morphism if and only if for any admissible inclusion u : B → X,
f is F-partial morphism from X to Y with dom f = B.
In [22] (see [15, Theorem 1.1] too) Ziegler characterized pure-injective mod-
ules in terms of partial morphisms with respect to the pure-exact structure.
We proceed to extend this result to injective objects relative to the exact
structure F .
Theorem 2.8. An object E is F-injective if and only if any F-partial mor-
phism f from an object X to E extends to a morphism g : X → E.
Proof. If E is F-injective and f is an F-partial morphism from an object X
to E, we can consider the following pushout
dom f X
E P
v
f f
v
Since E is F-injective and v is an F-inflation, there exists w : P → E with
wv = 1E . Then wf is an extension of f to X.
Conversely, if v : V → X is an F-inflation and f : V → E is any
morphism then, by Proposition 2.5, f is an F-partial morphism from X to
E. By hypothesis there exists w : X → E such that wv = f . Then E is
F-injective. 
As an application of the preceding theorem we can characterize when a
module belongs to the right-hand class of a cotorsion pair.
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Corollary 2.9. Let (B, C) be a complete cotorsion pair and A, an object of
A. Then the following assertions are equivalent:
(1) A ∈ C.
(2) A is EC-injective.
(3) Any EC-partial morphism from an object X to A extends to a homo-
morphism from X to A.
Proof. (1) ⇒ (2) is trivial. (2) ⇔ (3) follows from Theorem 2.8.
(2) ⇒ (1). Since the cotorsion pair is complete, there exists a conflation
A → B → C with C ∈ C and B ∈ B. Then, the long exact sequence
induced by this conflation when applying Ext(−, C ′) for each C ′ ∈ C, gives
that f actually is an EC-inflation. Since A is EC-injective, this inflation is a
split monomorphism and A is isomorphic to a direct summand of C. Now,
using that C is closed under direct summands, we conclude that A belongs
to C. 
We end this section characterizing partial morphisms relative to the exact
structures EX and EX for a given class of objects X . Using the preceding
theorem, it is easy to handle the case EX .
Proposition 2.10. Let X be a class of objects, X an object in A, U an
admissible suboject with inclusion u : U → X and f : U → Y be a morphism.
The following assertions are equivalent:
(1) f is an EX -partial morphism from X to Y with dom f = U .
(2) For each morphism g : Y → Z with Z ∈ X , there exists h : X → Z
with hu = gf .
Proof. (1) ⇒ (2). Take any Z ∈ X and g : Y → Z. By Proposition 2.5(6),
gf is a EX -partial morphism from X to Z. Since Z is EX -injective, (2)
follows from Theorem 2.8.
(2)⇒ (1). Conversely, consider the pushout of f along u and a morphism
g : Y → Z with Z ∈ X:
U X
Y P
Z
u
f f
u
g
By (2) there exists h : X → Z such that hu = gf . Using that P is the
pushout, there exists h′ : P → Z such that h′u = g. This means that
Hom(P,Z) → Hom(Y,Z) is exact and, consequently, u is an EX -inflation.
Then, f is an EX -partial morphism. 
Now we treat the case EX . Having in mind the interpretation of systems
of equations in terms of morphisms (see [20, 34.3]), the following charac-
terization of EX -partial morphisms can be viewed as an extension of the
18 CORTE´S-IZURDIAGA, GUIL ASENSIO, KALEBOG˜AZ, AND SRIVASTAVA
definition of Ziegler of partial morphisms in the pure-exact structure in the
module category (Definition 2.1).
Proposition 2.11. Suppose that there exist enough projective objects. Let
X be a class of objects, A an object, U an admissible subobject of A with
inclusion u : U → A and f : U → B a morphism. The following assertions
are equivalent:
(1) f is an EX -partial morphism.
(2) For each commutative diagram
M N
U A
i
ϕ1 ϕ2
u
in which Coker i ∈ X , there exists g : N → B such that gi = fϕ1.
Proof. (1) ⇒ (2) Consider a diagram as in (2) and consider the pushout of
f along u to get the following commutative diagram
M N Coker i
U A C
η : B P C
i
ϕ1
p
ϕ2 ϕ3
u
f
q
f
u q
in which, since f is EX -partial, the bottom row is an EX -conflation, q = qf is
a cokernel of u by Lemma 1.3, and ϕ3 exists by the property of the cokernel.
Since Coker i ∈ X and η ∈ EX , there exists h : Coker i → P such that
hq = ϕ3. By Lemma 1.2, there exists g : N → B such that gi = fϕ1.
(2) ⇒ (1) The pushout of f along u gives the commutative diagram
U A C
η : B P C
u
f
q
f
u q
in which q is a cokernel of u by Lemma 1.3. In order to see that η is an
EX -conflation, let ϕ : X → C be a morphism with X ∈ X . Since there exist
enough projective objects, we can find a conflation
K Q X
i p
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with Q being projective. Using the projectivity of Q, we can construct the
commutative diagram
K Q X
U A C
B P C
i
ϕ1
p
ϕ2 ϕ
u
f
q
f
u q
By hypothesis, there exists g : Q→ B such that gi = fϕ1. By Lemma 1.2,
there exists h : X → P such that qh = ϕ. Thus, η is an EX -conflation. 
3. Small Subobjects, Hulls and Envelopes
Approximations by a fixed class of objects are formalized by the notions
of preenvelope and precover. Recall that if B is a category, X is a class
of objects and B is an object of B, an X -preenvelope of B is a morphism
u : B → X, withX being an object in X , such that any morphism f : B → Y
with Y ∈ X factors through u. Note that if B is the module category over
a ring R, then an Inj-preenvelope is just a monomorphism B → I with I
injective and a PInj-preenvelope is a pure monomorphism B → E with E
pure-injective.
There are two ways of defining a minimal approximation in module cate-
gories. The first of them, which can be defined in any category, is the notion
of envelope: an X -preenvelope u : B → X is an X -envelope if u is a minimal
morphism in the sense that any morphism f : X → X satisfying fu = u is
an isomorphism.
The second of them uses the notion of essential and pure-essential monomor-
phism. Recall that a monomorphism (resp. a pure monomorphism) f : A→
B is essential (resp. pure-essential) if for any g : B → C such that gf is a
monomorphism (resp. a pure monomorphism), then g is a monomorphism
(resp. pure monomorphism). Then an injective hull in Mod-R is an essential
monomorphism u : B → I with I injective, and a pure-injective hull is a
pure-essential pure monomorphism v : B → E with E pure-injective (we
shall use the term hull for minimal approximations defined by essentiality).
It is well known that u is precisely the injective envelope of B and v the
pure-injective envelope of v (as defined in the preceding paragraph).
Concerning the pure-exact structure, there is another notion of small
extension which was introduced by Ziegler in [22, p. 161] using partial
morphisms. With this definition Ziegler constructs, for a submodule A of
a pure-injective module E, a weak version of the pure-injective hull of A,
A ≤ H(A) ≤ E (see [22, Theorem 3.6]) which gives, in case A is a pure
submodule of E, the pure-injective hull of A.
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The objective of this section is to define F-essential and F-small ex-
tensions in our exact category (A; E), and to relate all approximations of
objects by injectives: F-injective envelopes, F-injective hulls and F-small
extensions.
We shall start with the definition of F-small extension. Note that if X
and Y are objects in A, f is an F-partial morphism from X to Y and V is
an admissible subobject of dom f , then f ↾ V defines an F-partial morphism
from X to Y (with dom f ↾ V = V ).
Definition 3.1. Let X be an object and U ≤ V be admissible subobjects of
X.
(1) We shall say that V is F-small over U in X if for any F-partial mor-
phism f from X to another object Y with dom f = V , the following
holds:
f ↾ U is an F-partial isomorphism from X to Y ⇒ f is an
F-partial isomorphism.
(2) We shall say that X is F-small over U if X is F-small over U in
X.
If R is a ring, A = Mod-R and F is the pure-exact structure in Mod-R, then
the F-small objects coincide with the small objects introduced by Ziegler in
[22].
As an immediate consequence of the above definition we get:
Lemma 3.2. Let X be an object and U ≤ X be an admissible subobject.
Then X is F-small over U if and only if each morphism f : X → Z such
that f ↾ U defines an F-partial isomorphism from X to Z is actually an
F-inflation.
Proof. Simply note that, by Example 2.6, any morphism f : X → Z is
F-partial with dom f = X and that f is a F-partial isomorphism with
dom f = X if and only if f is an F-inflation. 
Next, we establish some fundamental properties of F-small objects.
Proposition 3.3. Let X be an object and U ⊆ V ⊆ W be admissible
subobjects of X. Then:
(1) If V is F-small over U in X and W is F-small over V in X then
W is F-small over U in X.
(2) If X is F-injective then V is F-small over U in X if and only if
for each F-partial morphism from X to Y with dom f = V we have
that: if the inclusion u : U → X factors through f ↾ U , then the
inclusion v : V → X factors through f .
(3) If V is an F-admissible subobject of X, then V is F-small over U
in X if and only if V is F-small over U (in V ).
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Proof. (1) is straightforward. (2) follows from the description of F-partial
isomorphisms defined over F-injective objects obtained in Proposition 2.5(4).
(3) First of all assume that V is F-small over U in X and let us use the
preceding lemma to prove that V is F-small over U . Take any morphism
f : V → Y such that f ↾ U is an F-partial isomorphism. Since V is
an F-admissible subobject, f is an F-partial morphism from X to Y with
dom f = V by Proposition 2.5(1). Since V is small over U in X, f is an F-
partial isomorphism from X to Y with dominion V . Again by Proposition
2.5(1), f is an F-inflation.
Now assume that V is F-small over U and let f be an F-partial morphism
from X to an object Y with dom f = V such that f ↾ U defines an F-
partial isomorphism from X to Y . Then, trivially, f ↾ U defines an F-partial
isomorphism from V to Y and, since V is F-small over U , f is an F-inflation
by Lemma 3.2. Since V is F-admissible, f is an F-partial isomorphism from
X to Y by Proposition 2.5(1). 
With the notion of F-small objects we can define F-small extensions.
Definition 3.4. An F-small extension is an inflation f : U → X such that
X is F-small over U .
The following characterization follows from the definition of partial iso-
morphism with respect to the pure-exact structure.
Proposition 3.5. Let R be a ring. A monomorphism v : U → X is a
pure-small extension if and only if any morphism g : X → Y is a pure
monomorphism provided that it satisfies the following:
(1) gu is monic.
(2) For each system of linear equations over U ,
∑m
j=1Xjrij = ui (i =
1, . . . , n), if
∑m
j=1Xjrij = gv(ui) (i = 1, . . . , n) has a solution in Y ,
then
∑m
j=1Xjrij = ui (i = 1, . . . , n) has a solution in X.
Remark 3.6. Note that g : X → Y is a pure monomorphism if and only if:
(1) g is monic.
(2) Each system of linear equations over X,
∑m
j=1Xjrij = xi (i =
1, . . . , n), satisfies that if the system
∑m
j=1Xjrij = g(xi) (i = 1, . . . , n)
has a solution in Y , then the system
∑m
j=1Xjrij = xi (i = 1, . . . , n)
has a solution in X.
The previous result says that, when X has a submodule U such that the
extension U ≤ X is pure-small, then we only have to check the condition on
systems of equations over U in order to see that a morphism g : X → Y is
a pure monomorphism.
Now we define F-essential extensions and weakly F-essential extensions.
Definition 3.7. A weakly F-essential extension (resp. F-essential exten-
sion) is an F-inflation u : X → Y such that for any morphism f : Y → Z,
the following holds:
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fu is an F-inflation ⇒ f is an inflation (resp. f is an F-inflation).
If A = Mod-R and E is the abelian exact structure, then both the weakly
E-essential extensions and the E-essential extensions coincide, since each
monic is an inflation. If we consider F to be the pure-exact structure on
Mod-R, then the weakly F-essential extensions are the pure-essential ex-
tensions introduced in [19]; we shall call them weakly pure-essential. The
F-essential extensions are the purely essential monomorphisms introduced
in [11] (caution: they are called pure-essential in [16, p. 45]). We shall use
the name pure-essential extension. In [11, Example 2.3] it is proved that
there exist weakly pure-essential extensions which are not pure-essential.
We establish the relationship between F-essential extensions and F-small
extensions in the sense of Definition 3.1.
Proposition 3.8. Let u : X → Y be an inflation.
(1) The following assertions are equivalent:
(a) u is an F-essential extension.
(b) u is an F-inflation and Y is F-small over X.
(2) If u is a weakly F-essential extension then u does not factor through
a proper direct summand of Y , that is, if v : Z → Y is a split
monomorphism and w : X → Z is an inflation such that vw = u,
then v is an isomorphism.
Proof. (1) First of all, suppose that u is an F-essential extension and let
us prove that Y is small over X. We will use Lemma 3.2. Let f : Y → Z
be a morphism such that f ↾ X = fu defines an F-partial isomorphism
from Y to Z. Since X is an F-admissible subobject, f ↾ X is actually an
F-inflation by Proposition 2.5(1). Since u is an F-essential extension, f is
an F-inflation. By Lemma 3.2, Y is F-small over X.
Conversely, assume that u is an F-inflation and Y is F-small over X. Let
f : Y → Z be a morphism such that f ↾ X = fu is an F-inflation. Then,
by Proposition 2.5(1), f ↾ X defines an F-partial isomorphism from Y to
Z. Since Y is F-small over X, f is an F-inflation by Lemma 3.2. Thus, u
is an F-essential extension.
(2) Let v : Z → Y be a split monomorphism, v′ : Y → Z, a morphism
with v′v = 1Z and w : X → Z with an inflation with vw = u. Since
w is an inflation, w is an F-inflation by the obscure axiom. Using that
v′u = w and that u is weakly F-essential, we get that v′ is monic. Then
v′vv′ = v′ = v′1Y from which it follows that vv
′ = 1Y and, consequently, v
is an isomorphism. 
With the notion of F-essential extension we can define F-injective hulls.
Definition 3.9. An F-injective hull of an object X is an F-essential ex-
tension u : X → E with E, an F-injective object.
In the next result we see that, under certain circumstances, a weakly
F-essential extension u : X → E with E being F-injective is actually an F-
injective hull. In addition, we establish the relationship between F-injective
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hulls and F-injective envelopes as defined at the beginning of this section.
If FInj is the class of all F-injective objects, we shall call FInj-envelopes to
be F-injective envelopes.
Theorem 3.10. Let u : X → Y be a morphism. The following assertions
are equivalent:
(1) u is an F-injective hull.
(2) u is an F-inflation, Y is F-injective and Y is F-small over X.
(3) u is an F-inflation, Y is F-injective and each morphism f : Y → Z
satisfying that fu is an F-inflation, is a split monomorphism.
If, in addition, u has a cokernel and there exists an F-inflation v : X → E
with E being a F-injective object, the following assertion is equivalent too:
(4) u is an F-injective envelope.
Finally, if there exists an F-essential extension v : X → E with E an F-
injective object, the following assertion is equivalent too:
(5) u is a weakly F-essential extension with Y being F-injective.
Proof. (1) ⇔ (2) is Proposition 3.8 and (1) ⇔ (3) is trivial.
(1) ⇒ (4). Since u is an F-inflation, it is an F-injective preenvelope. In
order to see that it is an envelope let f : Y → Y be a morphism such that
fu = u. Since u is F-essential, f is an F-inflation. Using that Y is F-
injective, we deduce that f is a splitting monomorphism, i. e., there exists
g : Y → Y such that gf = 1Y . Then gu = gfu = u and, in particular, g
is a monomorphism. Then gfg = g = g1Y . In particular, fg = 1Y , which
implies that f is an isomorphism.
(4) ⇒ (3). Since u is an F-injective envelope, there exist w : Y → E such
that wu = v. By the obscure axiom [4, Proposition 2.16], u is an F-inflation.
Now let f : Y → Z be a morphism such that fu is an F-inflation. Since Y
is F-injective, there exists g : Z → Y such that gfu = u. Using that u is an
F-injective envelope we get that gf is an isomorphism. This implies that f
is a split monic.
(5) ⇒ (1). Since v is an F-inflation and Y is F-injective, there exists
w : E → Y with wv = u. Since u is F-inflation and v is F-essential, w
is an F-inflation. Using that E is F-injective, there exists w′ : Y → E
such that w′w = 1E . Then w
′u = v is an F-inflation so that, since u is
weakly F-essential, w′ has to be monic. Then w′ww′ = w′1Y implies that
ww′ = 1Y , so that w is an isomorphism. Now the identity wv = u gives that
u is F-essential as well. 
Remark 3.11. Note that the additional hypotheses of (4) (resp. (5)) are
only needed to prove the implication (4) ⇒ (1) (resp. (5) ⇒ (1)). The
implication (1)⇒ (4) (resp. (1)⇒ (5)) is true without those hypotheses. In
particular, any F-injective hull is always an F-injective envelope.
Let R be any ring. In [19, Proposition 6] it is proved that for each module
M there exists a weakly pure-essential extension u : M → E with E a
24 CORTE´S-IZURDIAGA, GUIL ASENSIO, KALEBOG˜AZ, AND SRIVASTAVA
pure-injective module. In view of the preceding result, u need not be the
pure-injective hull of M . However, one can prove that pure-injective hulls
exist by using the existence of injective hulls in the functor category [16,
Theorem 4.3.18], so that, by (5) of the preceding theorem, u is actually
pure-essential. That is, [19, Proposition 6] actually gives the existence of
pure-injective hulls in Mod-R.
4. Existence of hulls and envelopes
In this section we study the problem of existence of injective hulls and en-
velopes in our exact category A. First, we study when there does exist
enough injectives (equivalently, injective preenvelopes). Then, we prove that
in certain abelian categories this preenvelopes can be used to produce injec-
tive envelopes and hulls.
Recall that a λ-sequence, where λ is an ordinal, is a direct system of ob-
jects of A, (Xα, iβα)α<β<λ, which is continuous in the sense that for each
limit ordinal β, the direct limit of the system (Xα, iγα)α<γ<β exists and the
canonical morphism lim
−→
α<β
Xα → Xβ is an isomorphism. If the direct limit of
the system exists, we shall call the morphism X0 → lim
−→
Xα the transfinite
composition of the λ-sequence. In many results of this section we shall use
that transfinite compositions of inflations exist and are inflations. When this
condition is satisfied, the category A has arbitrary direct sums and direct
sums of conflations are conflations [17, Lemma 1.4]. Moreover, it is easy to
see that when direct limits of inflations are inflations, then transfinite com-
positions of λ-sequences of inflations are inflations for each ordinal number
λ.
Now we define the notion of small object. Given an object X, and a
direct system in A, (Yi, uji)i<j∈I , such that its direct limit exists, the functor
HomA(X,−) is said to preserve the direct limit of the system if the canonical
morphism from lim
−→
HomA(X,Yi) to HomA
(
X, lim
−→
Yi
)
is an isomorphism. It
is very easy to see the following [2, p. 9]:
Lemma 4.1. Let X be an object and (Yi, uji)i<j∈I a direct system such that
its direct limit exists, and denote by ui : Yi → lim
−→
Yj the canonical map for
each i ∈ I. Then HomA(X,−) preserves the direct limit of the system if and
only if the following conditions hold:
(1) For each f : X → lim
−→
Yj there exists i ∈ I and g : X → Yi such that
f = uig.
(2) For each i ∈ I and morphism g : X → Yi satisfying uig = 0, there
exists j ≥ i such that ujig = 0.
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Recall that the cofinality of a cardinal κ is the least cardinal, denoted
cf(κ), such that there exists a family of smaller cardinals than κ, {κα : α <
cf(κ)}, whose union is κ. The cardinal κ is said to be regular if cf(κ) = κ.
Definition 4.2. Suppose that transfinite compositions of inflations exist and
are inflations. Let κ be an infinite regular cardinal and X be an object. We
say that X is κ-small if for each cardinal λ with cf(λ) ≥ κ, HomA(X,−)
preserves the transfinite composition of any λ-sequence of inflations. We say
that the object X is small if it is κ-small for some infinite regular cardinal
κ.
Lemma 4.3. Suppose that transfinite compositions of inflations exist and
are inflations. Let κ be an infinite regular cardinal and {Xk : k ∈ K} a
family of κ-small objects with |K| < κ. Then
⊕
k∈K Xk is κ-small. In
particular, the direct sum of any family of small objects is small.
Proof. Let λ be any cardinal with cf(λ) ≥ κ and (Yα, uβα)α<β<λ, a λ-
sequence of inflations whose direct limit is Y . Denote by uα : Yα → Y
the canonical morphism for each α < λ. We are going to use Lemma 4.1
in order to prove that
⊕
k∈K Xk is κ-small. Let f :
⊕
k∈K Xk → Y be a
morphism and denote by τk : Xk →
⊕
k∈K Xk the inclusion for each k ∈ K.
Since, for each k ∈ K, Xk is κ-small, there exists αk < λ and a morphism
gk : Xk → Yαk such that uαkgk = fτk. Since |K| < cf(λ), we can find an
ordinal α with αk < α for each k ∈ K. Now let g :
⊕
k∈K Xk → Yα be the
morphism induced in the direct sum by the family {uααkgk : k ∈ K} and
note that g satisfies uαg = f , as uαgτk = fτk for each k ∈ K. This proves
(1) of Lemma 4.1.
In order to prove (2), let α < λ and f :
⊕
k∈K Xk → Yα such that
uαf = 0. Since, for each k ∈ K, Xk is κ-small, there exists αk ≥ α such
that uαkαfτk = 0. Using that |K| < cf(λ), there exists a β < λ such that
αk < β for each k ∈ K. Then uβαfτk = 0 for each k ∈ K. This means that
uβαf = 0, which proves (2) of Lemma 4.1. 
Now we can prove the existence of enough injective objects in exact cat-
egories satisfying that transfinite compositions of inflations exist and are
inflations, and a certain generalized version of Baer’s lemma for injectivity.
Theorem 4.4. Assume that the exact category (A; E) satisfy the following:
(1) Transfinite compositions of inflations exist and are inflations.
(2) There exists a set of inflations H = {ui : Ki → Hi|i ∈ I} such that
Ki is small for each i ∈ I and any H-injective object is injective.
Then A has enough injectives.
Proof. Let M be any object of A. Let J be the set of all pairs (i, f), where
i is an element of I and f : Ki →M is a morphism. For any pair (i, f) ∈ J ,
let u(i,f) : K(i,f) → H(i,f) be a copy of ui, whereK(i,f) = Ki and H(i,f) = Hi,
and compute u the induced morphism from
⊕
(i,f)∈J
K(i,f) to
⊕
(i,f)∈J
H(i,f) by
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all these inclusions. By the properties of H, it is easy to see that an object
E is injective if and only if it is u-injective. Denote
⊕
(i,f)∈J
K(i,f) by K and⊕
(i,f)∈J
H(i,f) by H. Since Ki is small for each i ∈ I, we can apply Lemma
4.1 to find an infinite regular cardinal κ such that K is κ-small.
Now we are going to construct a family of objects {Pα : α < κ} and of
inflations {fαβ ∈ Hom(Pβ , Pα) : α ≤ β < κ} such that:
(A) P0 =M .
(B) For each α < κ, the system (Pγ , fδγ)γ<δ≤α is direct.
(C) For each α < κ and f : K → Pα, there exists g : H → Pα+1 with
gu = fα+1,αf .
We make the construction by transfinite recursion. Suppose that α is a
limit ordinal and that we have made the construction for all γ < α. Then
set Pα = lim−→γ<α
Pγ and, for each γ < α, set fαγ the canonical morphism
associated to this direct limit.
Now suppose that we have made the construction for the ordinal α and
let us make it for α + 1. For each morphism f ∈ Hom(K,Pα), let K
α
f and
Hαf be a copies of K and H respectively. Denote by Iα = Hom(K,Pα), let
uα :
⊕
f∈Iα
Kαf →
⊕
f∈Iα
Hαf be the direct sum of copies of u, and ϕα :⊕
f∈Iα
Kαf → Pα the morphism induced in the direct sum by all morphism
from K to Pα. Then take Pα+1 and fα+1,α the lower arrow in the pushout
of uα along ϕα: ⊕
f∈Iα
Kαf
⊕
f∈Iα
Hαf
Pα Pα+1
uα
ϕα ψα
fα+1,α
Moreover, set fα+1,γ = fα+1,αfα,γ for each γ < α. Let us prove that Pα+1
and fα+1,α satisfy (C). Let us denote, for each f ∈ Iα, by if and kf the
corresponding inclusions of Kαf and H
α
f in
⊕
f∈Iα
Kαf and
⊕
f∈Iα
Hαf re-
spectively. Given f : K → Pα, note that uαif = ukf and f = ϕαif .
Consequently:
fα+1,αf = ψαuαif = ψαkfu
Then the morphism g = ψαkf satisfy (C). This concludes the construction.
Finally, let E = lim
−→
α<κ
Pα and denote by fα : Pα → E the canonical maps
associated to this direct limit. By (1), f0 : M → E is an inflation. Let
us prove that E is injective which, by (2), is equivalent to see that E is
u-injective. Let f : K → E be any morphism. Since K is κ-small, there
exists, by Lemma 4.1, an α < κ and a morphism f : K → Pα such that
f = fαf . By the construction of E, there exists g : F → Pα+1 such that
fα+1,αf = gu. Then f = fα+1gu, and the proof is finished. 
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Remark 4.5. Let M be an object of A. Note that the F-inflation i :M →
E with E an F-injective object constructed in the preceding proof satisfies
the following property: there exists an infinite regular cardinal κ and a κ-
sequence (Pα, fβα)α<β<κ such that P0 =M , i is the transfinite composition
of the sequence and, for each α < κ, fα+1,α is a pushout of a direct sum of
inflations belonging to H.
Remark 4.6. Note that (2) in the preceding theorem is satisfied for those
exact categories for which there exists a set of objects G such that:
(1) The class of admissible subobjects of any G ∈ G is a set.
(2) Any admissible subobject of any G ∈ G is small.
(3) If an object A of A is G-injective, then it is injective.
In this case, we only have to take H as the set of all inflations u : K → G
with G an object in G.
We finish the paper studying the existence of injective hulls. We assume
that our category A is abelian and that E is the abelian exact structure.
Using the argument of Enochs and Xu in [21, §2.2] we will prove that in
an exact substructure F , if an object M is an F-admissible subobject of an
F-injective object, then M actually has an F-injective hull. We shall need
the hypothesis that F is closed under well ordered limits. This condition
is stronger than being closed under transfinite compositions as the next
example shows.
Example 4.7. Let R be a non-noetherian countable ring. Then there exists
an fp-injective moduleM which is not injective. Consider the exact structure
EM . Since M is not injective, there exists an inclusion u : I → R which
is not an EM -inflation. Since I is countable, I =
⋃
n<ω In for a chain of
finitely generated right ideals of R. Now each inclusion un : In → R is an
EM inflation and the direct limit of all of them is u. Note that EM is closed
under transfinite compositions by Lemma 5.1.
Lemma 4.8. Suppose that A is an abelian category, A is an object of A and
f, g ∈ EndA(A) are two monomorphisms. If Im f ⊆ Im fg then g is epic.
Proof. Since A is abelian, each monomorphism is the kernel of its cokernel,
so that the image f and fg are represented by the monomorphism f and
fg respectively. The inclusion Im f ⊆ Im fg as subobjects of A implies that
there exists a morphism h : A→ A such that f = fgh. Then f(1− gh) = 0
and, since f is monic, 1−gh = 0. This implies that g is an epimorphism. 
Recall that an abelian category A is said to satisfy AB5 if A is cocomplete
and direct limits are exact.
Lemma 4.9. Suppose that A is an abelian category satisfying AB5. Let κ be
an ordinal, (Aα, uβα)α<β<κ be a direct system of objects and f : lim
−→
Aα → A
be a morphism. Suppose that for each α < κ, Ker(fuα) = Ker(uα+1,α),
28 CORTE´S-IZURDIAGA, GUIL ASENSIO, KALEBOG˜AZ, AND SRIVASTAVA
where uα : Aα → lim
−→
Aγ is the canonical morphism. Then f is a monomor-
phism.
Proof. Since A satisfies AB5, direct limits are exact and, consequently,
Ker f = lim
−→
Ker(fuα). Denote Ker(fuα) = Kα for each α < κ. Since
Kα is the kernel of uα+1,α, we can construct, for each α < κ, the following
commutative diagram with exact rows
0 Kα Aα Aα+1 0
0 Kα+1 Aα+1 Aα+2 0
kα
kα+1,n
uα+1,α
uα+1,α uα+1,α+2
kα+1 uα+2,α+1
which actually defines a direct system of conflations. Taking direct limit and
noting that lim
−→
uα+1,α is the identity, the exactness of direct limits gives that
lim
−→
Kα = 0. Then Ker f = 0 and f is a monomorphism. 
Given an object X of A, recall that the comma category X ↓ A is the
category whose class of objects consists of all morphisms f : X → A with
A ∈ A, and whose morphisms between two objects, u : X → A and v :
X → B, are morphisms in A, f : A → B, satisfying fu = v. Abusing
language, we shall denote the morphism between u and v by f : u → v as
well. Given a class I of inflations of E , we are going to denote by X ↓I A
the full subcategory of the comma category X ↓ A whose objects are all
morphisms in I. We shall call an object u of X ↓I A, a cogenerator if for
any other object v of X ↓I A, there exists a morphism f : v → u.
Recall that an abelian category is said to be locally small if the class of
subobjects of any object actually is a set.
Lemma 4.10. Let A be a locally small abelian category, E the abelian ex-
act structure and I a class of conflations of E which is closed under well
ordered direct limits. Let u be a cogenerator in X ↓I A. Then there exists
a cogenerator in X ↓I A, u : X → E, and a morphism f : u→ u such that
any morphism f ′ : u → u′ in X ↓I A in which u
′ is a cogenerator satisfies
Ker(f ′f) = Ker f .
Proof. Assume that the claim of the lemma is not true. We are going to
construct, for each pair of ordinals β < α, cogenerators uβ and uα and a
morphism fαβ : uβ → uα such that u0 = u, the system (uγ , fγδ)δ<γ≤α is
directed, Ker fβ0 ( Ker fα0. This is a contradiction since the category is
locally small.
We shall make the construction recursively on α. For α = 0 let u0 =
u. Let α > 0 and assume that we have constructed uδ and fδγ for each
γ < δ < α. If α is successor, say α = β + 1, then as uβ does not satisfy
the claim of the lemma, there exists an inflation uβ+1 in X ↓I A and a
morphism fβ+1β : uβ → uβ+1 such that Ker fβ0 ( Ker(fβ+1βfβ0). Then set
fβ+1δ = fβ+1βfβδ for each δ < α. Clearly, Ker fα0 ( Ker fβ0.
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If α is limit, set uα = lim−→
δ<α
uδ and fαδ : uδ → uα the structural morphisms
of this direct limit. By hypothesis, uα is an element of X ↓I A which
is a cogenerator, as each uβ is a cogenerator for each β < α. Moreover,
Ker fβ0 ( Ker fα0 for each β < α because, otherwise, if Ker fβ0 = Ker fα0,
then Ker fβ+10 = Ker fα0 as well, so that Ker fβ0 = Ker fβ+10, a contradic-
tion. This finishes the proof. 
Theorem 4.11. Let A be a locally small abelian category satisfying AB5, E
be the abelian exact structure of A, and I a class of conflations of E which
is closed under well ordered limits. Let X be any object of A such that there
exists an inflation u : X → E in I with E, an I-injective object. Then there
exists an inflation v : X → F with F an I-injective object such that v is
minimal.
Proof. Note that u is a cogenerator in X ↓I A since E is I-injective. First of
all, by setting u0 = u, we can apply recursively the preceding lemma to get,
for each n < ω, a cogenerator un in X ↓I A and a morphism fn+1,n : un →
un+1 such that any other morphism f
′ : un+1 → u
′ with u′ a cogenerator
satisfies Ker f ′fn+1,n = Ker fn+1,n. Let w = lim−→
n<ω
un and note that w is a
cogenerator in X ↓I A. Since any f
′ : w → u′ with u′ a cogenerator satisfies,
for each natural number n, that Ker(f ′fn) = Ker(fn+1,n), where fn is the
canonical morphism of the direct limit, Lemma 4.9 says that any such f ′ is
actually a monomorphism.
Suppose that the cogenerator w is of the form w : X → F , and let us
prove that w is a minimal morphism, that is, that any f : w → w is an
isomorphism. Let f : w → w be a morphism and assume that f is not an
isomorphism. Since it is monic, by the previous claim, f is not an epimor-
phism. Now we can construct, by transfinite recursion, a monomorphism
fαβ : wβ → wα for each β < α, where wα = w if α is successor and, other-
wise, wα = lim−→
γ<α
wγ , such that fαβ = f if α = β + 1. Cases α = 0 and α, a
successor are easy. If α is a limit ordinal, set wα = lim−→
γ<α
wγ with structural
maps f ′αγ : w → wα for each γ < α. Since w is a cogenerator, there exists
f ′α : wα → w. Then define fαβ = f
′
αf
′
αβ.
Now we prove that for each ordinal α, {Im fαβ : β < α + 1} is a strictly
ascending chain of subobjects of F , which is a contradiction. Take β < α+1
and suppose that Im fβ+1,α+1 = Im fβ,α+1. Since fβ,α+1 = fβ+1,α+1f ,
Lemma 4.8 implies that fβ+1,α+1 is an epimorphism. But fβ+1,α+1 =
ffβ+1,α so that f is an epimorphism as well. This contradicts the previ-
ous hypothesis and f has to be an isomorphism. 
Corollary 4.12. Let A be a locally small abelian category satisfying AB5,
E be the abelian exact structure of A, and F an additive exact substructure
of E which is closed under well ordered limits. Let X be any object of A such
that there exists an F-inflation u : X → E with E, an F-injective object.
30 CORTE´S-IZURDIAGA, GUIL ASENSIO, KALEBOG˜AZ, AND SRIVASTAVA
Then X has a F-injective envelope. Moreover, this F-injective envelope is
an F-injective hull as well.
Proof. Follows immediately from the previous result. By Theorem 3.10,
every F-injective envelope actually is a F-injective hull. 
5. Applications
In this section we give several applications of the results obtained in the
previous sections.
5.1. Approximations in exact categories. In the recent years several
papers studying approximations in exact categories have appeared in the
literature. There are two ways of defining approximations in a category
D. The first of them takes a fixed class of objects X and is based on the
notions of X -preenvelope and X -precover defined at the beginning of Section
3. These are the approximations widely studied for module categories and
the ones extended in [17] to exact categories.
The other way of defining approximations takes an ideal I in the category
(that is, a subfunctor of the HomD bifunctor) and is based on the notion of
I-preenvelopes and I-precovers (recall that a I-preenvelope of an object D
of D is a morphism i : D → X that belongs to I and such that for any other
morphism j : D → Y , there exists f : X → Y with fj = i; the I-precovers
are defined dually). This is the approach of [8].
In this paper, we are going to apply the results of the previous sections in
the study of approximations by objects. As a direct consequence of Theorem
4.4 we get that the class of injective objects with respect to certain sets of
inflations provide for preenvelopes. We shall use the following lemma for
the exact structure EX where X is a class of objects.
Lemma 5.1. Suppose that transfinite compositions of inflations in E ex-
ist and are inflations and let X be any class of objects. Then transfinite
compositions of EX -inflations exist and are EX -inflations.
Proof. Let (Yα, uβα)α<β<κ be a direct system of objects indexed by an or-
dinal κ, such that uβα is an E
X -inflation for each α < β < κ. Denote by
uα : Yα → lim
−→
Yβ the canonical morphism for each α < κ. Given any X ∈ X
and any f : Y0 → X we can construct, using that uβα is an E
X -inflation for
each α < β < κ, a direct system of morphisms, (fα : Yα → X)α<κ, with
f0 = f . Then the induced morphism g : lim−→β<κ
Yβ → X satisfies gu0 = f .
This means that u0 is an E
X -inflation. 
Corollary 5.2. Suppose that transfinite compositions of inflations in A exist
and are inflations. Let H be a set of inflations such that for each i : K → H
in H, K is small. Let X be the class of all H-injective objects. Then each
object in A has a X -preenvelope.
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Proof. By Lemma 5.1, the exact category (A; EX ) satisfy the hypotheses of
Theorem 4.4, since an object is EX -injective if and only if it is H-injective.
Then, for each object A of A, there exists an EX -inflation i : A→ E with E
an EX -injective object. But any EX -injective object actually belongs to X
(since morphisms in H are EX -inflations), so that i is a X -preenvelope. 
One situation that fits the hypotheses of the preceding result is when we
take, in the category of right modules over a unitary ring R, H to be the
set of all conflations K → Rn → L with n a natural number and K finitely
generated. In this case, the class X consists of all fp-injective modules. The
preceding results gives that every module has an fp-injective preenvelope
(see [10, Theorem 4.1.6]).
Corollary 5.3. Let R be a ring. Then every module has an fp-injective
preenvelope.
Maybe, the most general result regarding approximations in exact cate-
gories is [17, Theorem 2.13(4)]. We see that this result can be deduced from
our Theorem 4.4.
Let I be a set of inflations and denote by Coker(I) the class consisting
of all cokernels of morphism in I. Recall that I is called homological [17,
Definition 2.3] if the following two conditions are equivalent for any object
T :
(1) T ∈ Coker(I)⊥.
(2) T is I-injective.
Corollary 5.4. Suppose that transfinite compositions of inflations exist and
are inflations. Let I be a homological set of inflations such that, for each
i : K → L in I, K is small. Then Coker(I)⊥ is preenveloping.
Proof. Denote Coker(I)⊥ by S. Note that, since I is homological, an object
belongs to S if and only if it is I-injective, if and only if it is ES -injective, so
that the result is equivalent to prove that there exists enough ES -injectives.
But by Lemma 5.1, transfinite compositions of ES -inflations exist and are
ES-inflations and an object is ES -injective (equivalently, belongs to S) if
and only if it is I-injective. Then the existence of ES -injectives follows from
Theorem 4.4. 
5.2. Approximations in Grothendieck categories. In this subsection,
D will be a Grothendieck category with the abelian exact structure. The
first application of our results is the existence of injective hulls in D.
Corollary 5.5. Every object in the Grothendieck category D has an injective
hull.
Proof. First we show that D satisfies the hypotheses of Theorem 4.4 to prove
that D has enough injectives. That transfinite composition of inflations are
inflations follows from (AB5), [18, Proposition V.1.1]. In order to see that
D satisfies (2) of Theorem 4.4, we shall see that it satisfies the conditions of
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Remark 4.6. First note that D is locally small by [18, Proposition IV.6.6].
On the other hand, it is well known that all objects in a Grothendieck
category are small and, if G is a generator of D, an object is G-injective if
and only if it is injective by [18, Proposition V.2.9]. Consequently, D has
enough injectives by Theorem 4.4.
Now, the existence of injective hulls in D is a direct consequence of The-
orem 4.11. 
Now, let us look at approximations in D by a class of objects. In many
situations, the classes providing for approximations belong to a cotorsion
pair. The relationship between cotorsion pairs and approximations in mod-
ule categories was first observe by Salce in the late 1970s who proved that, if
(B, C) is a cotorsion pair, then the existence of special B-precovers is equiv-
alent to the existence of special C-preenvelopes (a special B-precover of a
module M is a morphism f : B → M with B ∈ B and Ker f ∈ B⊥; the
special C-preenvelopes are defined dually). Later on, Enochs proved the im-
portant fact that a closed (in the sense that B is closed under direct limits)
and complete cotorsion pair provide minimal approximations: covers and
envelopes. Finally, Eklof and Trlifaj proved that complete cotorsion pair
are abundant: any cotorsion pair generated by a set is complete. All these
works were motivated by the study of the existence of flat covers, the so-
called “Flat cover conjecture”, solved by Bican, El Bashir and Enochs in
[3].
In this section we see that these results are consequences of our results in
the previous sections. Recall that for a class X of objects we can form the
cotorsion pair (X⊥,⊥(X⊥)), which is called the cotorsion pair generated by
X . We say that a cotorsion pair (B, C) is generated by a set if there exists a
set of objects S such that (B, C) coincides with the cotorsion pair generated
by S. Moreover, we say that (B, C) is closed if B is closed under direct limits.
Theorem 5.6. Let (B, C) be a cotorsion pair in D.
(1) If D has a projective generator and (B, C) is cogenerated by a set,
then (B, C) is complete.
(2) If (B, C) is complete and closed then every object has a C-envelope.
Proof. (1) We prove, using Theorem 4.4, that the exact structure EC has
enough injective objects. First note that transfinite compositions of infla-
tions are inflations by [18, Proposition V.1.1]. Using Lemma 5.1 we deduce
that transfinite compositions of EC-inflations are EC-inflations as well. Now,
since D has a projective generator, for each S ∈ S there exists a conflation
KS PS S
iS pS
with PS projective. Let H be the set {iS : S ∈ S}. As D is a Grothendieck
category, KS is small for each S ∈ S. Moreover, it is easy to show that H is
contained in EC , which implies that an object M is EC-injective if and only
if it is H-injective. We can apply Theorem 4.4 to get that EC has enough
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injective objects. Then, noting that an objectM is H-injective if and only if
M ∈ C, we conclude that any EC-inflation i :M → E with E a EC-injective
object actually is a C-preenvelope. Consequently, C is preenveloping.
Now let us take the C-preenvelope i : M → E of an object M as con-
structed in Theorem 4.4. By Remark 4.5, there exists an infinite regular
cardinal κ and a κ-sequence (Pα, fβα)α<β<κ such that P0 = M , i is the
transfinite composition of the sequence and, for each α < κ, fα+1,α is a
pushout of a direct sum of inflations belonging to H. This last condition
implies that Coker fα+1,α is a direct sum of modules belonging to S and, con-
sequently, belongs to B. Now, for each α < β < κ we get the commutative
diagram of conflations
M Pα Coker fα0
M Pβ Coker fβ0
fα0 fα0
fβα fβα
fβ0 fβ0
whose direct limit is the conflation
M E Coker ii
p
In particular, we get that Coker i is the composition of the transfinite se-
quence (Coker fα0, fβα)α<β<κ. Using the snake lemma it is easily verified
that Coker fα+1,α
∼= Coker fα+1,α ∈ C, so that, by Eklof lemma [17, Propo-
sition 2.12], Coker i ∈ B as well. This means that i is a special C-preenvelope
and that the cotorsion pair is complete.
(2) Let M be an object in D. Using that the cotorsion pair is complete,
there exists an inflation iM : M → E with E ∈ C and Coker iM ∈ B. Now
denote by I the class of inflations i : A → B in E such that Coker i ∈ B.
Since B and E are closed under direct limits, then so is I. Moreover, notice
that iM ∈ I and satisfies, by Corollary 2.9, that E is I-injective. Then
we are in position to apply Theorem 4.11 to obtain a minimal inflation
jM : M → F in I with F an I-injective object. Using that the cotorsion
pair is complete there exists a conflation
E C B
u
with C ∈ C and B ∈ B. In particular, u ∈ I and, as E is I-injective, this
conflation is split. This means that E ∈ C. Consequently, the inflation jM
actually is a C-envelope. 
5.3. Pure-injective hulls in finitely accessible additive categories.
The notion of purity in module categories can be considered in general in
finitely accessible additive categories. Let K be an additive category with
direct limits. Recall that an object F of K is finitely presented if for each
direct system of objects in K, (Ki, uji)i<j∈I , the canonical morphism from
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lim
−→
HomK(F,Xi) → HomK
(
F, lim
−→
Ki
)
is an isomorphism. The category K
is said to be finitely accessible if it has all direct limits and there exists a set
S of finitely presented objects such that every object of K can be expressed
as a direct limit of objects from S.
Let K be a finitely accessible additive category. A kernel-cokernel pair in
K
K M L
i p
is said to be pure if for each finitely presented module P , the sequence of
abelian groups
HomK(P,K) HomK(P,M) HomK(P,L)
is exact. The class EP of all such kernel-cokernels pairs is an exact struc-
ture on K, which we shall call the pure-exact structure. As in the case
of modules, inflations, deflations, injectives and projectives with respect to
this exact structure will be called pure-monomorphisms, pure-epimorphisms,
pure-injectives and pure-projectives respectively. The main objective of this
section is to apply the results of the previous one to study the existence of
pure-injective hulls in K.
It was proved in [5] that every finitely accessible additive category is
equivalent to the full subcategory Flat-S of additive flat functors from a
small preadditive category S to the category of abelian groups. Using that
any functor category (additive functors from a small preadditive category
to the category of abelian groups) is equivalent to the category of unitary
modules over a ring T with enough idempotents (that is, an associative ring
without unit but with a family of pairwise orthogonal elements {ei | i ∈ I}
such that T = ⊕i∈ITei = ⊕i∈IeiT ), we get that any finitely accessible
additive category is equivalent to the full subcategory of flat modules over
a ring with enough idempotents. More precisely, if K is a finitely accessible
additive category and {Fi : i ∈ I} is a representing set of the isomorphism
classes of finitely presented objects of K, and we denote by F = ⊕i∈IFi,
then we consider T = ÊndK(F ) the subring of EndK(F ) consisting of all
endomorphisms f of F such that f(Fi) = 0 except for possibly finitely many
indices i ∈ I. This ring, called the functor ring of the family {Fi : i ∈ I},
is a ring with enough idempotents such that K is equivalent to the full
subcategory of Mod-T consisting of flat modules, in such a way that pure
exact sequences in K corresponds to exact sequences in Flat-R.
So, in order to study a finitely accessible additive category we can restrict
ourselves to the full subcategory of flat modules over a ring with enough
idempotents.
The following result can be proved as in the unitary case (see [7, Lemma
5.3.12]):
Lemma 5.7. Let T be a ring with enough idempotents with |T | = κ. For
each unitary T -module M and element x ∈M there exists a pure submodule
S of M containing x such that |S| ≤ κ.
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Now we prove that any accessible category satisfies the Baer’s criterion.
Theorem 5.8. Let K be a finitely accessible additive category. There exists
a cardinal number κ such that if G is the set of objects{⊕
i∈I
Gi | Gi is finitely presented and |I| ≤ κ
}
then any G-pure-injective object is pure-injective.
Proof. As mentioned before, we may assume that K is the full subcategory
consisting of unitary flat right T -modules over a ring T with enough idem-
potents. Let M be a flat T -module which is G-pure-injective. In order to
see that it is pure-injective we only have to see that it is pure-injective with
respect to all direct sums of finitely presented modules by Lemma 1.4 and
[20, 33.5].
Let I be a set, {Fi : i ∈ I} a family of finitely presented modules in K
(that is, finitely generated and projective in Mod-T ), K a pure submodule
of
⊕
i∈I Fi and f : K → M a morphism. Denote by |K| = λ. Using the
preceding lemma, we can construct a chain of subsets of I, {Iα : α < λ},
satisfying, for each β < λ that
⋃
α<λ Iα = I, |Iβ+1 − Iβ | ≤ κ and Iβ =⋃
α<β Iα (when β is limit); and a chain of pure submodules of K, {Kα :
α < λ}, satisfying, for each β < λ, that K =
⋃
α<λKα, Kβ ≤
⊕
i∈Iβ
Fi and
Kβ =
⋃
α<βKα (when β is limit).
Now, using that M is G-injective, we can define, recursively on α, a mor-
phism fα :
⊕
i∈Iα
Fi → M such that fα ↾Kα = f ↾Kα and fα ↾
⊕
i∈Iβ
Fi =
fβ for each β < α. Then the limit of all these fα’s is the extension of f to⊕
i∈I Fi. This finishes the proof. 
Then we get:
Corollary 5.9. Let K be a finitely accessible additive category. Then K
has enough pure-injective objects. If, in addition, K is abelian, then K has
pure-injective hulls.
Proof. Again, we can assume that K is the full subcategory consisting of
unitary flat right T -modules over a ring T with enough idempotents. Since
direct limits of conflations in Mod-T are conflations and K is closed under
direct limits in Mod-T , direct limits of pure-exact sequences in K are, again,
pure-exact. Then K satisfies (1) of Theorem 4.4. Let G be the set of objects
constructed in the previous result and let us see that G satisfies the condi-
tions of the Remark 4.6. Since Mod-T is locally small and each module is
small, G satisfies (1) and (2) of Remark 4.6. Moreover, it satisfies (3) by the
preceding theorem. By Theorem 4.4, K has enough injective objects.
If K is abelian, then the existence of pure-injective hulls follows from
Theorem 4.11. 
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